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Abstract
We study higher-form symmetries in a low-energy effective theory of a massless axion coupled with a photon in (3 + 1)
dimensions. It is shown that the higher-form symmetries of this system are accompanied by a strict 3-group (2-crossed
module) structure, which can be found by the correlation functions of symmetry generators of the higher-form symmetries.
We argue that the Witten effect and anomalous Hall effect in the axion electrodynamics can be described in terms of
3-group transformations.
1. Introduction
Axion electrodynamics has been extensively studied in
many contexts of modern physics from particle physics [1–
7] to condensed matter physics [8–10] (see, e.g., Refs. [11–
15] as a review). One of the characteristic features of the
axion electrodynamics is a topological coupling between a
photon and an axion through the chiral anomaly of Dirac
fermions coupled with them. Such a coupling modifies
the electric Gauss law and the Maxwell-Ampe`re law. An-
other feature is that there can be spatially or temporally
extended solitonic objects such as a Dirac monopole, an
axionic string (dislocation) and a domain wall [10, 16].
Due to the modified Maxwell equations, the solitonic ob-
jects exhibit rich physical phenomena such as the Witten
effect [17–20] for the Gauss law and the anomalous Hall
effect [8–10, 21–27] around an axionic string [10, 21, 23] for
the Maxwell-Ampe`re law, which is closely related to the
anomaly inflow mechanism of the axionic strings [28, 29]
(see also Refs. [30–34]).
On the other hand, the notion of the symmetries has
been recently generalized to so-called higher p-form sym-
metries [35–37], which are symmetries under transforma-
tions of p-dimensional extended objects (see also earlier
Refs. [38–40] and related topics [41]). We can under-
stand previously known phenomena such as topologically
ordered states with abelian anyons [42–45] in terms of the
higher-form symmetries. Furthermore, these symmetries
have revealed new aspects of phases of matter for gauge
theories [46–57].
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Combining the above mentioned two topics together, it
may be a natural question whether there are any underly-
ing higher-form symmetries in the axion electrodynamics,
and if so, whether they offer fundamental tools to describe
the Witten effect and anomalous Hall effect. In the case
that either axion or photon can be regarded as a back-
ground field, higher-form symmetries have been studied in
Refs. [58–61]. When both the axion and photon are dy-
namical degrees of freedom, the symmetry generators of
the higher-form symmetries are deformed [62]. In such the
case, however, a relation between the higher-form symme-
tries and the above mentioned effects is yet to be clarified.
In this paper, we study the higher-form symmetries of
the massless axion electrodynamics in (3 + 1) dimensions
by using a low-energy effective theory described by a mass-
less axion and massless photon with the topological cou-
pling. The Witten effect and anomalous Hall effect can
be described by this effective theory, which can be model-
independently determined only by symmetry. We further
show that the higher-form symmetries are accompanied by
a mathematical structure called as the strict 3-group or
2-crossed module in the mathematical literature [63, 64].
Hereafter, we will simply refer to the strict 3-group as the
3-group. We then find that the Witten effect and anoma-
lous Hall effect can be understood as symmetry transfor-
mations of the 3-group. Roughly speaking, the 3-group is a
set of three groups with maps between them, and is a gen-
eralization of an ordinary group and a 2-group (crossed
module) [58, 65–71]. Since the explicit definition of the
3-group may be rather abstract compared with ordinary
groups, here we give a diagrammatic and intuitive expla-
nation of the 3-group based on higher-form symmetries,
which are enough to understand underlying physics. In
the forthcoming paper, we will show that this physical ex-
planation satisfies all the axioms of the strict 3-group [72].
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The appearance of the 3-group in physics is not the
first time; It has been already applied to string theory,
e.g., Aharony-Bergman-Jafferis-Maldacena model describ-
ing membranes in M-theory [64, 73–78] and to quantum
gravity [79].∗1 However, we emphasize that such a 3-group
structure very naturally arises in a simpler and more famil-
iar system, i.e., the axion electrodynamics, and therefore
there should be potential applications to both high energy
and condensed matter physics.
This paper is organized as follows. In section 2, we give
an action of a massless axion electrodynamics and gauge
invariant observables. The higher-form symmetries of the
system are shown in section 3. We discuss in section 4 cor-
relation functions of the symmetry generators. We inter-
pret the Witten effect and anomalous Hall effect around
axionic strings in terms of the symmetry generators. In
section 5, we discuss an underlying 3-group structure of
the system with an intuitive introduction of the 3-group.
We relate the structure of the 3-group with the Witten
effect and anomalous Hall effect. Finally, we summarize
this paper in section 6.
2. Setup
We consider the following action [8],
S = −
∫ (
v2
2 dφ ∧ ?dφ+ 12e2 da ∧ ?da− N8pi2φda ∧ da
)
.
(1)
Here, φ is an axion, a a photon, v a mass dimension 1
parameter, e a coupling constant of the photon, N an in-
teger, and ? the Hodge star operator. The axion φ is a
pseudo-scalar field with a 2pi periodicity at each point in
the spacetime P,
φ(P) + 2pi ∼ φ(P). (2)
We regard the periodicity as a redundancy of the axion.
The redundancy can be understood as a gauge symmetry,
called a (−1)-form gauge symmetry [59, 60]. By the identi-
fication, the axion can have a winding number on a closed
loop C, ∫
C
dφ ∈ 2piZ. (3)
The non-zero winding number implies that a worldsheet of
an axionic string can be linked with C. An object invariant
under the redundant transformation in Eq. (2) is a local
object at a point P,
I(qφE ,P) = eiqφEφ(P), (4)
where qφE should be an integer.
The photon a is described by a U(1) 1-form gauge field,
whose gauge transformation is given by a → a + dλ with
∗1Note that the 3-group in this paper is different from a 3-Lie group
based on a 3-bracket [80, 81]. The 3-Lie group has been applied to
Bagger-Lambert-Gustavsson model in M-theory [75, 76, 82–84].
a 0-form gauge parameter λ. In addition, the U(1) gauge
field a is subject to the Dirac quantization condition,∫
S
da ∈ 2piZ, (5)
where S is a closed surface (e.g., a sphere S2). The non-
zero value of
∫
S da implies that there can be a magnetic
monopole in the interior of S. A gauge invariant object
given by a is a Wilson loop,
W (qaE , C) = eiqaE
∫
C a, (6)
where qaE should be an integer as a result of the Dirac
quantization condition.
3. Higher-form global symmetries
In this system, there are higher-form global symmetries
in addition to ordinary ones. In general, a p-form sym-
metry in D spacetime dimensions is a symmetry whose
charged object is a p-dimensional object. The correspond-
ing symmetry generator is given by a topological object
labeled by a group element on a (D − p − 1)-dimensional
subspace, which satisfies the group composition rule. The
term ‘topological’ means that the subspace of the object
can be continuously deformed as long as it does not inter-
sect with the charged object. The symmetry transforma-
tion of the charged object is generated by the linking of
the charged object and the symmetry generator.
We now establish the higher-form symmetries of the sys-
tem in Eq. (1). We show the symmetry generators related
to equations of motion (EOM) and Bianchi identities, and
we specify symmetry groups compatible with the quanti-
zation conditions in Eqs. (3) and (5).
3.1. ZN 0-form symmetry
ZN 0-form symmetry is a shift symmetry of the axion. It
is obtained by the EOM of the axion, v2d?dφ+ N8pi2 da∧da =
0, which leads to the following closed current 3-form,
jφE = −v2 ? dφ− N8pi2 a ∧ da. (7)
The corresponding charge is given by an integral on a
closed 3-dimensional subspace V,
QφE(V) =
∫
V
jφE . (8)
Note that we can obtain an ordinary conserved charge by
choosing V as a time slice R3. The charge is topological
meaning that QφE(V) does not change under a small defor-
mation of V by a 4-dimensional subspace Ω, V → V + ∂Ω:
QφE(V + ∂Ω) − QφE(V) =
∫
∂Ω
jφE =
∫
Ω
djφE = 0, where
we have used the Stokes theorem.
The symmetry generator made of jφE is given by
UφE(e
2piinφ/N ,V) = e
2piinφ
N QφE(V). (9)
2
Here, e2piinφ/N ∈ ZN parameterizes the generator. One
might think that the parameter is a U(1)-valued contin-
uous number, eiαφE ∈ U(1), since a conserved current
would be related to a continuous symmetry. However, the
Dirac quantization condition requires that the parameter
is a ZN -valued number. This is due to the gauge vari-
ant term N8pi2 a ∧ da in jφE . In order to make the term
exp(i
NαφE
8pi2
∫
V a ∧ da) be consistent with the Dirac quan-
tization, eiαφE should satisfy eiαφE ∈ ZN . This require-
ment is the same as the quantization of the coefficient of
a Chern-Simons term in (2 + 1) dimensions [85].
The topological object U(e2piinφ/N ,V) generates the ZN
transformation on the local object I(qφE ,P) in Eq. (4).
In the path integral formulation, it can be expressed as a
correlation function,
〈UφE(e2piinφ/N ,V)I(qφE ,P)〉
= e2piinφqφE Link (V,P)/N 〈I(qφE ,P)〉.
(10)
Here, the symbol ‘〈〉’ denotes the vacuum expectation
value (VEV), and Link (V,P) ∈ Z denotes the link-
ing number between V and P. The correlation func-
tion can be derived by the Schwinger-Dyson equation
〈δφI(qφE ,P)〉 = −i〈(δφS)I(qφE ,P)〉. Here δφ denotes the
variation with respect to φ. Note that the correlation func-
tion is obtained as a normal ordered product that subtracts
trivial divergences. The 3-dimensional symmetry gener-
ator UφE(e
2piinφE/N ,V) acts on the 0-dimensional object
I(qφE ,P) as a ZN transformation. Therefore, it is identi-
fied as a ZN 0-form symmetry.
We can regard UφE(e
2piinφE/N ,V) as an external domain
wall if we take V as a spatially and temporally extended ob-
ject. This is because UφE(e
2piinφE/N ,V) changes the value
of φ to φ+
2pinφE
N .
3.2. Electric ZN 1-form symmetry
Next, we show that there is a ZN 1-form symmetry re-
lated to the EOM of a. We will call it an electric ZN
1-form symmetry, since the symmetry is related to the
conservation of the electric flux. The EOM of the photon,
1
e2 d ? da − N4pi2 dφ ∧ da = 0, leads to the conservation of
the electric flux modified by the axion. The corresponding
closed current, charge and symmetry generator are
jaE =
1
e2 ? da− N4pi2φda, QaE(S) =
∫
S
jaE ,
UaE(e
2piina/N ,S) = e 2piinaN QaE(S),
(11)
respectively. The charge QaE(S) is topological under a
small deformation of S: S → S + ∂V0, where V0 is a 3-
dimensional subspace with a boundary. The parameter
e2piina/N should again be a ZN valued number in order to
make UaE be invariant under the redundant transforma-
tion of φ in Eq. (2).
The Wilson loop in Eq. (6) is a gauge invariant charged
object transformed by UaE . The Schwinger-Dyson equa-
tion 〈δaW (qaE , C)〉 = −i〈(δaS)W (qaE , C)〉 leads to
〈U(e2piina/N ,S)W (qaE , C)〉
= e2piinaqaE Link (S,C)/N 〈W (qaE , C)〉,
(12)
where δa denotes the variation with respect to a. Since
e2piina/N ∈ ZN , the correlation function can be understood
as a ZN transformation. Since the Wilson loop is a 1-
dimensional object, the corresponding symmetry is a ZN
1-form symmetry.
We can regard UaE(e
2piinaE/N ,S) as an external electric
flux localized on and perpendicular to S if we take S as an
instantaneous surface. We can also regard it as an external
magnetic flux parallel to a time slice of S if we take S as
a spatially and temporally extended surface.
3.3. Magnetic U(1) 1-form symmetry
The gauge field a obeys the Bianchi identity dda = 0,
which implies the conservation of the magnetic flux. The
identity gives us the following 2-form closed current, con-
served charge, and symmetry generator,
jaM =
1
2pida, QaM (S) =
∫
S
jaM ,
UaM (e
iαaM ,S) = eiαaMQaM (S),
(13)
respectively. Here, eiαaM is a U(1) valued number. The
charge QaM is again a topological object. The normaliza-
tion of the current is determined by the Dirac quantization.
The charged object is a ’t Hooft loop T (qaM , Cmon.) that
is a closed worldline of a magnetic monopole given by a
charge qaM ∈ Z and a loop Cmon.. In the presence of the
magnetic monopole, the Gauss law of the magnetic flux
is changed as QaM (S) = qaM Link (S, Cmon.). In terms of
the correlation function, UaM has a non-trivial phase in
the presence of the ’t Hooft loop:
〈UaM (eiαaM ,S)T (qaM , Cmon.)〉
= eiαaMqaM Link (S,Cmon.)〈T (qaM , Cmon.)〉.
(14)
By this correlation function, UaM generates a U(1)
transformation on the ’t Hooft loop. The corresponding
symmetry is a U(1) 1-form symmetry, since the ’t Hooft
loop is a 1-dimensional object. We call this symmetry a
magnetic U(1) 1-form symmetry, since it is related to the
conservation of the magnetic flux.
3.4. U(1) 2-form symmetry
Finally, we introduce a U(1) 2-form symmetry. The
symmetry is originated from the Bianchi identity of the
axion, ddφ = 0. The closed current 1-form, conserved
charge, and symmetry generator are given by
jφM =
1
2pidφ, QφM (C) =
∫
C
jφM ,
UφM (e
iαφM , C) = eiαφMQφM (C),
(15)
3
respectively. The charged object is a closed worldsheet
of an axionic string V (qφM ,Sstr.) with a winding number
qφM . In the presence of the axionic string, QφM (C) has
non-zero value, QφM (C) = qφM Link (C,Sstr.). In terms of
the correlation function of the symmetry generator, it can
be written as
〈UφM (eiαφM , C)V (qφM ,Sstr.)〉
= eiαφMqφM Link (C,Sstr.)〈V (qφM ,Sstr.)〉.
(16)
The correlation function can be understood as a U(1) sym-
metry transformation on a 2-dimensional object. There-
fore, the symmetry is a U(1) 2-form symmetry.
4. Correlations of symmetry generators
In this section, we show that the symmetry generators
are correlated to themselves. The correlation can be basi-
cally evaluated by the Schwinger-Dyson equations. By the
correlation functions, we can understand some phenomena
of the axion such as the Witten effect and the anomalous
Hall effect in terms of symmetry transformations. We will
use the correlation functions of the symmetry generators
to show a 3-group structure in this system.
4.1. Action of 0-form symmetry generator on electric 1-
form symmetry generator as Witten effect
First, we show that the generator of the 0-form symme-
try can act on the generator of the electric 1-form sym-
metry, and gives the generator of the magnetic 1-form
symmetry. The Schwinger-Dyson equation, 〈δφjaE〉 =
−i〈(δφS)jaE〉, would give us i〈QφE(V)QaE(S)〉 =
− N2pi 〈QaM (S∩ΩV)〉, where ΩV is a 4-dimensional subspace
satisfying ∂ΩV = V. However, the generator of the left-
hand side is meaningful mod N . The relation that is in-
variant under the redundancy is the correlation function
of the symmetry generators:
〈UφE(e2piinφ/N ,V)UaE(e2piina/N ,S)〉
= 〈UaM (e−2piinanφ/N ,S ∩ ΩV)UaE(e2piina/N ,S)〉.
(17)
We now argue that this is nothing but the Witten ef-
fect [17] due to the presence of the axion [18]. The Witten
effect is an effect on a magnetic monopole in the presence
of a θ-term in electromagnetism θ8pi2 da ∧ da. This term
induces an electric charge θ2pi for the monopole. The ef-
fect can also arise in the presence of non-zero value of the
axion. In our case, the Witten effect can be expressed by
the insertion of the ’t Hooft loop:
〈UaE(e2piina/N ,S)UφE(e2piinφ/N ,V)T (qaM , C)〉
= 〈UaE(e2piina/N ,S)UaM (e−2piinanφ/N ,S ∩ ΩV−V′)
× UφE(e2piinφ/N ,V ′)T (qaM , C)〉
= eiϕ〈UφE(e2piinφ/N ,V)T (qaM , C)〉,
(18)
where ϕ = −2pinanφqaM Link (S ∩ΩV−V′ , C)/N . We mea-
sure the difference of the electric flux between T and UφET
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Figure 1: The correlation function in Eq. (18). This is the figure
of a time slice of the correlation function. The black dot represents
a monopole, V a time of domain wall, S = S1 − S2 an instanta-
neous surface, and ΩV−V′ the space between V and V ′. The left
hand side counts the difference of the electric flux between T (qaM , C)
and UφE(e
2piinφ ,V2)T (qaM , C) by UaE(e2piina ,S). The middle side
counts the magnetic flux from T (qaM , C) by UaM (e2piinφna ,S ∩
ΩV−V′ ), where we used S1 ∩ ΩV−V′ = S ∩ ΩV−V′ . The right panel
shows the evaluation of the diagram in the middle panel. The ob-
tained phase is ϕ = −2pinanφqaM Link (S ∩ ΩV−V′ , C)/N .
by UaE(e
2piina/N ,S) (see Fig. 1 for the configuration).
We take UaE(e
2piina/N ,S) → 1 and UφE(e2piinφ/N ,V ′) →
UφE(e
2piinφ/N ,V) in the last line, thanks to the topologi-
cal nature of symmetry generators. The correlation means
that the domain wall wrapping the monopole is a source of
the electric flux. There is non-zero surface electric charge
density if a magnetic flux transversally passes through an
axionic domain wall, and the electric flux is determined by
the original magnetic flux [19]. This domain wall enclosing
the monopole is called a “monopole bag” [20, 86].
4.2. Correlation of two 1-form symmetry generators as
anomalous Hall effect
Second, we evaluate the correlation function of the 1-
form symmetry generators, and give the 2-form symmetry
generator. We then show that it implies the anomalous
Hall effect around an axionic string. The Schwinger-Dyson
equation 〈δajaE〉 = −i〈(δaS)jaE〉 gives us
〈UaE(e2piina/N ,S1)UaE(e2piin′a/N ,S2)〉
= 〈UφM (e−2piinan′a/N ,S2 ∩ VS1)UaE(e2piin
′
a/N ,S2)〉,
(19)
where VS1 is a 3-dimensional subspace whose boundary is
S1, ∂VS1 = S1. In the above correlation function, we have
regularized a trivial divergence. Note that the correlation
function of the charges would be i〈QaE(S1)QaE(S2)〉 =
− N2pi 〈QφM (S2 ∩VS1)〉, but the left hand side is meaningful
mod N .
We argue that the correlation function Eq. (19) means
the anomalous Hall effect around the axionic string. There
is a non-zero electric current in the presence of the axionic
string and electric flux. The direction of the current is
perpendicular to both of the electric flux and the gradient
of the axion. In our case, the anomalous Hall current arises
on the surface S1, and we can measure the magnetic flux
due to the current by the Ampe`re law. In terms of the
correlation function, it can be written by the insertion of
4
Correlation function UφE(e
2piin′φ/N ,V2) UaE(e2piin′a/N ,SE2) UaM (eiα′a ,SM2) UφM (eiα′φ , C2)
UφE(e
2piinφ/N ,V1) 1 UaM (e−2piinφn′a/N ,SE2 ∩ ΩV1) 1 1
UaE(e
2piina/N ,SE1) UaM (e−2piinan′φ/N ,VSE1 ∩ V2) UφM (e−2piinan
′
a/N ,VSE1 ∩ SE2) 1 1
UaM (e
iαa ,SM1) 1 1 1 1
UφM (e
iαφ , C1) 1 1 1 1
Table 1: The correlation functions of the symmetry generators. V1,2, SE1,2, SM1,2, and C1,2 are 3-, 2-, 2-, and 1-dimensional closed subspaces.
The object A = UφE(e
2piinφ/N ,V1), ..., UφM (eiαφ , C1) in the left columns acts on the one B = UφE(e2piin
′
φ/N ,V2), ..., UφM (eiα
′
φ , C2) in the
top row. The object C in the correlation function 〈AB〉 = 〈CB〉 is displayed in the rest of the table.
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V (Sstr.)
<latexit sha1_base64="vud6dl/Kh6aQAes13OSMeXOWBW4=">AAACfXichVHL LgRBFD3T3uM1SERiM8EIiXRu2xArCQtLjBkSI6O71dDRr3TXTEKbH/ADFlYkEsJf2PgBC58gliQ2Eu70TCIIbqWqTp2659apKsO3rVASPSSUpuaW1rb2jmRnV3dPb6 qvPx965cAUOdOzvWDD0ENhW67ISUvaYsMPhO4Ytlg39hdq++sVEYSW567JA19sOfqua5UsU5dMFVOD+YmoYOp2OlstRoXASYcyUKuTxdQoqRRH+ifQGmB0fqxU2gaw 7KUuUcAOPJgow4GAC8nYho6Q2yY0EHzmthAxFzCy4n2BKpKsLXOW4Ayd2X0ed3m12WBdXtdqhrHa5FNs7gEr08jQPV3RM93RNT3S26+1orhGzcsBz0ZdK/xi7/FQ9v VflcOzxN6n6k/PEiXMxl4t9u7HTO0WZl1fOTx5zs6tZqJxOqcn9n9GD3TLN3ArL+bFilg95epJ/gLt+4P/BPlpVSNVW+G/WEQ92jGMEUzwi89gHktYRo5PPsI5rnGTe FcyypSi1lOVREMzgC+hzHwAjoOT/Q==</latexit><latexit sha1_base64="7Jk1PjR4cNa1SKNpjeroNrj10mY=">AAACfXichVHL SgMxFD0d3/XRqiCCm6JWFGS440ZxJejCpVpbBStlZkx1cF7MpAUd+wP+gAtXCoKif+HGH3DhJ4hLBTeC3k4LoqLekOTk5J6bk8TwbSuURA8JpaW1rb2jsyvZ3dPbl0 r3DxRCrxKYIm96thdsGnoobMsVeWlJW2z6gdAdwxYbxv5ifX+jKoLQ8tx1eeCLbUffda2yZeqSqVJ6qDAZFU3dzuRqpagYOJlQBmptqpQeI5XiyPwEWhOMLYyX41jx 0pcoYgceTFTgQMCFZGxDR8htCxoIPnPbiJgLGFnxvkANSdZWOEtwhs7sPo+7vNpqsi6v6zXDWG3yKTb3gJUZZOmeruiZ7uiaHunt11pRXKPu5YBno6EVfil1PJx7/V fl8Cyx96n607NEGXOxV4u9+zFTv4XZ0FcPT55z82vZaILO6Yn9n9ED3fIN3OqLebEq1k65epK/QPv+4D9BYUbVSNVW+S+W0IhOjGAUk/zis1jAMlaQ55OPcI5r3CTel awyraiNVCXR1AziSyizH8kNlTU=</latexit><latexit sha1_base64="7Jk1PjR4cNa1SKNpjeroNrj10mY=">AAACfXichVHL SgMxFD0d3/XRqiCCm6JWFGS440ZxJejCpVpbBStlZkx1cF7MpAUd+wP+gAtXCoKif+HGH3DhJ4hLBTeC3k4LoqLekOTk5J6bk8TwbSuURA8JpaW1rb2jsyvZ3dPbl0 r3DxRCrxKYIm96thdsGnoobMsVeWlJW2z6gdAdwxYbxv5ifX+jKoLQ8tx1eeCLbUffda2yZeqSqVJ6qDAZFU3dzuRqpagYOJlQBmptqpQeI5XiyPwEWhOMLYyX41jx 0pcoYgceTFTgQMCFZGxDR8htCxoIPnPbiJgLGFnxvkANSdZWOEtwhs7sPo+7vNpqsi6v6zXDWG3yKTb3gJUZZOmeruiZ7uiaHunt11pRXKPu5YBno6EVfil1PJx7/V fl8Cyx96n607NEGXOxV4u9+zFTv4XZ0FcPT55z82vZaILO6Yn9n9ED3fIN3OqLebEq1k65epK/QPv+4D9BYUbVSNVW+S+W0IhOjGAUk/zis1jAMlaQ55OPcI5r3CTel awyraiNVCXR1AziSyizH8kNlTU=</latexit><latexit sha1_base64="sdLlKIukVftxhx4pmNechhUlqSo=">AAACfXichVHL SsNAFD2N7/qqCiK4KZaKgoQbN4orQRcu1doqWClJHDWYF8m0oLE/4A+4cKUgKPoXbvwBF36CuFRwI+htGhAV9Q4zc+bMPXfOzBi+bYWS6CGltLS2tXd0dqW7e3r7+j MDg6XQqwamKJqe7QUbhh4K23JFUVrSFht+IHTHsMW6sb/Q2F+viSC0PHdNHvhiy9F3XWvHMnXJVCUzXJqIyqZuZwv1SlQOnGwoA7U+WcnkSKU4sj+BloAcklj2Mpco YxseTFThQMCFZGxDR8htExoIPnNbiJgLGFnxvkAdadZWOUtwhs7sPo+7vNpMWJfXjZphrDb5FJt7wMos8nRPV/RMd3RNj/T2a60ortHwcsCz0dQKv9J/PFJ4/Vfl8C yx96n607PEDmZjrxZ792OmcQuzqa8dnjwX5lbz0Tid0xP7P6MHuuUbuLUX82JFrJ5y9TR/gfb9wX+C0rSqkaqtUG5+MfmMToxiDBP84jOYxxKWUeSTj3COa9yk3pW8M qWozVQllWiG8CWUmQ+tWJJt</latexit>
UaE(S1)
<latexit sha1_ba se64="/m69kxVVkRA31HNFAUx8KIZQbx Q=">AAACeXichVHLSsNAFD2N7/po1Y3 gpj6pLsqNLhRXggouq7UqqMQkTmtomoQ kLWroD/gDLgRBQaz4GW78ARd+grhUcKE Lb9OCqKh3mJkzZ+65c2ZGc0zD84keIl JTc0trW3tHtLOruycW7+1b9+ySq4usbp u2u6mpnjANS2R9wzfFpuMKtaiZYkMrL NT2N8rC9QzbWvMPHbFTVPOWkTN01WdKi fdllUBdqiSDbV01E5mKIk8o8RFKURiJ n0BugJH50VxuF0DajlexjT3Y0FFCEQIW fMYmVHjctiCD4DC3g4A5l5ER7gtUEGV tibMEZ6jMFnjM82qrwVq8rtX0QrXOp5j cXVYmMEb3dE3PdEc39Ejvv9YKwho1L4c 8a3WtcJTY8UDm9V9VkWcf+5+qPz37yG E29GqwdydkarfQ6/ry0clzZm51LBinC3 pi/+f0QLd8A6v8ol+uiNVTrh7lL5C/P /hPsD6Vkiklr/BfLKIe7RjEMJL84jOYx zLSyPLJBzjDFaqRN2lISkqT9VQp0tD0 40tI0x9/7JIo</latexit><latexit sha1_ba se64="UQlOe7leIwR9Ld7c5FOsob2oUH g=">AAACeXichVHLSsNAFD2N7/qqdSO 4qU+qi3KjC8VVQQWX2loVVEISpxqaJiF Jixr6A/6AC0FQECt+hht/wEU/QVwquNC Ft2lBVNQ7zMyZM/fcOTOjOabh+US1iN TS2tbe0dkV7e7p7euPDcQ3PLvk6iKn26 btbmmqJ0zDEjnf8E2x5bhCLWqm2NQKi /X9zbJwPcO21v0jR+wW1X3LyBu66jOlx OI5JVCXK8lgR1fNRLaiyFNKbIxSFEbi J5CbYCw9ng9j1Y5VsYM92NBRQhECFnzG JlR43LYhg+Awt4uAOZeREe4LVBBlbYm zBGeozBZ43OfVdpO1eF2v6YVqnU8xubu sTGCCHuiGnumebumR3n+tFYQ16l6OeNY aWuEo/SdD2dd/VUWefRx8qv707COP+d Crwd6dkKnfQm/oy8enz9mFzEQwSZf0xP 4vqEZ3fAOr/KJfrYnMGVeP8hfI3x/8J 9iYScmUktf4L5bQiE4MYxRJfvE5pLGCV eT45EOc4xrVyJs0IiWl6UaqFGlqBvEl pNkPunaTYA==</latexit><latexit sha1_ba se64="UQlOe7leIwR9Ld7c5FOsob2oUH g=">AAACeXichVHLSsNAFD2N7/qqdSO 4qU+qi3KjC8VVQQWX2loVVEISpxqaJiF Jixr6A/6AC0FQECt+hht/wEU/QVwquNC Ft2lBVNQ7zMyZM/fcOTOjOabh+US1iN TS2tbe0dkV7e7p7euPDcQ3PLvk6iKn26 btbmmqJ0zDEjnf8E2x5bhCLWqm2NQKi /X9zbJwPcO21v0jR+wW1X3LyBu66jOlx OI5JVCXK8lgR1fNRLaiyFNKbIxSFEbi J5CbYCw9ng9j1Y5VsYM92NBRQhECFnzG JlR43LYhg+Awt4uAOZeREe4LVBBlbYm zBGeozBZ43OfVdpO1eF2v6YVqnU8xubu sTGCCHuiGnumebumR3n+tFYQ16l6OeNY aWuEo/SdD2dd/VUWefRx8qv707COP+d Crwd6dkKnfQm/oy8enz9mFzEQwSZf0xP 4vqEZ3fAOr/KJfrYnMGVeP8hfI3x/8J 9iYScmUktf4L5bQiE4MYxRJfvE5pLGCV eT45EOc4xrVyJs0IiWl6UaqFGlqBvEl pNkPunaTYA==</latexit><latexit sha1_ba se64="+zhCL+W7f6RUVM8C9Z0TJ/tlJi Y=">AAACeXichVHLSsNAFD2N7/qquhH cVItSXZQbXSiuBBVcVmtbQSUkcazBNAl JWtTQH/AHXAiCgljxM9z4Ay78BHGp4EI X3qYBUVHvMDNnztxz58yM5piG5xM9xK SW1rb2js6ueHdPb19/YmCw4NkVVxd53T Ztd0NTPWEalsj7hm+KDccValkzRVHbX 2zsF6vC9QzbWvcPHbFdVkuWsWvoqs+Uk hjMK4G6XEsHW7pqJnM1RZ5UEinKUBjJ n0COQApRZO1EHVvYgQ0dFZQhYMFnbEKF x20TMggOc9sImHMZGeG+QA1x1lY4S3C Gyuw+jyVebUasxetGTS9U63yKyd1lZRL jdE/X9Ex3dEOP9P5rrSCs0fByyLPW1Ap H6T8ezr3+qyrz7GPvU/WnZx+7mAu9Gu zdCZnGLfSmvnp08pybXxsPJuiCntj/OT 3QLd/Aqr7ol6ti7ZSrx/kL5O8P/hMUp jMyZeRVSi0sRZ/RiRGMIc0vPosFrCCLP J98gDNcoR57k0altDTVTJVikWYIX0Ka +QCewZCY</latexit> UaE(S1)
<latexit sha1_base64="/m69kxVVkRA31HNFAUx8KIZQbxQ=">AAACeXichVHL SsNAFD2N7/po1Y3gpj6pLsqNLhRXggouq7UqqMQkTmtomoQkLWroD/gDLgRBQaz4GW78ARd+grhUcKELb9OCqKh3mJkzZ+65c2ZGc0zD84keIlJTc0trW3tHtLOruy cW7+1b9+ySq4usbpu2u6mpnjANS2R9wzfFpuMKtaiZYkMrLNT2N8rC9QzbWvMPHbFTVPOWkTN01WdKifdllUBdqiSDbV01E5mKIk8o8RFKURiJn0BugJH50VxuF0Da jlexjT3Y0FFCEQIWfMYmVHjctiCD4DC3g4A5l5ER7gtUEGVtibMEZ6jMFnjM82qrwVq8rtX0QrXOp5jcXVYmMEb3dE3PdEc39Ejvv9YKwho1L4c8a3WtcJTY8UDm9V 9VkWcf+5+qPz37yGE29GqwdydkarfQ6/ry0clzZm51LBinC3pi/+f0QLd8A6v8ol+uiNVTrh7lL5C/P/hPsD6Vkiklr/BfLKIe7RjEMJL84jOYxzLSyPLJBzjDFaqRN 2lISkqT9VQp0tD040tI0x9/7JIo</latexit><latexit sha1_base64="UQlOe7leIwR9Ld7c5FOsob2oUHg=">AAACeXichVHL SsNAFD2N7/qqdSO4qU+qi3KjC8VVQQWX2loVVEISpxqaJiFJixr6A/6AC0FQECt+hht/wEU/QVwquNCFt2lBVNQ7zMyZM/fcOTOjOabh+US1iNTS2tbe0dkV7e7p7e uPDcQ3PLvk6iKn26btbmmqJ0zDEjnf8E2x5bhCLWqm2NQKi/X9zbJwPcO21v0jR+wW1X3LyBu66jOlxOI5JVCXK8lgR1fNRLaiyFNKbIxSFEbiJ5CbYCw9ng9j1Y5V sYM92NBRQhECFnzGJlR43LYhg+Awt4uAOZeREe4LVBBlbYmzBGeozBZ43OfVdpO1eF2v6YVqnU8xubusTGCCHuiGnumebumR3n+tFYQ16l6OeNYaWuEo/SdD2dd/VU WefRx8qv707COP+dCrwd6dkKnfQm/oy8enz9mFzEQwSZf0xP4vqEZ3fAOr/KJfrYnMGVeP8hfI3x/8J9iYScmUktf4L5bQiE4MYxRJfvE5pLGCVeT45EOc4xrVyJs0I iWl6UaqFGlqBvElpNkPunaTYA==</latexit><latexit sha1_base64="UQlOe7leIwR9Ld7c5FOsob2oUHg=">AAACeXichVHL SsNAFD2N7/qqdSO4qU+qi3KjC8VVQQWX2loVVEISpxqaJiFJixr6A/6AC0FQECt+hht/wEU/QVwquNCFt2lBVNQ7zMyZM/fcOTOjOabh+US1iNTS2tbe0dkV7e7p7e uPDcQ3PLvk6iKn26btbmmqJ0zDEjnf8E2x5bhCLWqm2NQKi/X9zbJwPcO21v0jR+wW1X3LyBu66jOlxOI5JVCXK8lgR1fNRLaiyFNKbIxSFEbiJ5CbYCw9ng9j1Y5V sYM92NBRQhECFnzGJlR43LYhg+Awt4uAOZeREe4LVBBlbYmzBGeozBZ43OfVdpO1eF2v6YVqnU8xubusTGCCHuiGnumebumR3n+tFYQ16l6OeNYaWuEo/SdD2dd/VU WefRx8qv707COP+dCrwd6dkKnfQm/oy8enz9mFzEQwSZf0xP4vqEZ3fAOr/KJfrYnMGVeP8hfI3x/8J9iYScmUktf4L5bQiE4MYxRJfvE5pLGCVeT45EOc4xrVyJs0I iWl6UaqFGlqBvElpNkPunaTYA==</latexit><latexit sha1_base64="+zhCL+W7f6RUVM8C9Z0TJ/tlJiY=">AAACeXichVHL SsNAFD2N7/qquhHcVItSXZQbXSiuBBVcVmtbQSUkcazBNAlJWtTQH/AHXAiCgljxM9z4Ay78BHGp4EIX3qYBUVHvMDNnztxz58yM5piG5xM9xKSW1rb2js6ueHdPb1 9/YmCw4NkVVxd53TZtd0NTPWEalsj7hm+KDccValkzRVHbX2zsF6vC9QzbWvcPHbFdVkuWsWvoqs+UkhjMK4G6XEsHW7pqJnM1RZ5UEinKUBjJn0COQApRZO1EHVvY gQ0dFZQhYMFnbEKFx20TMggOc9sImHMZGeG+QA1x1lY4S3CGyuw+jyVebUasxetGTS9U63yKyd1lZRLjdE/X9Ex3dEOP9P5rrSCs0fByyLPW1ApH6T8ezr3+qyrz7G PvU/WnZx+7mAu9GuzdCZnGLfSmvnp08pybXxsPJuiCntj/OT3QLd/Aqr7ol6ti7ZSrx/kL5O8P/hMUpjMyZeRVSi0sRZ/RiRGMIc0vPosFrCCLPJ98gDNcoR57k0alt DTVTJVikWYIX0Ka+QCewZCY</latexit>
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Figure 2: The configuration of in Eq. (20). This is the figure of a time
slice of the correlation function. The black line represents an axionic
string, S1 an instantaneous torus surface of electric flux, S2 = S12−S22
a time of surface operator that detects the magnetic flux, VS1−S′1
the space between S1 and S′1. The time slice of S12 is in the interior
of the torus S1. The left hand side counts the difference of the mag-
netic flux between V (qφM ,Sstr.) and UaE(e2piina ,S1)V (qφM ,Sstr.)
by UaE(e
2piin′a ,S2). The middle side counts the winding number due
to the axionic string V (qφM ,Sstr.) by UφM (e−2piinan′a ,S2∩VS1−S′1 ),
where we used S12 ∩ VS1−S′1 = S2 ∩ VS1−S′1 . The right panel shows
the evaluation of the diagram in the middle panel. The obtained
phase is ϕ′ = −2pinan′aqφM Link (S2 ∩ VS1−S′1 ,Sstr.)/N .
the worldsheet of the axionic string V (qφM ,Sstr.):
〈UaE(e2piin′a/N ,S2)UaE(e2piina/N ,S1)V (qφM ,Sstr.)〉
= 〈UaE(e2piin′a/N ,S2)UφM (e−2piinan′a/N ,S2 ∩ VS1−S′1)
× UaE(e2piina/N ,S ′1)V (qφM ,Sstr.)〉
= eiϕ
′〈UaE(e2piina/N ,S1)V (qφM ,Sstr.)〉,
(20)
where ϕ′ = −2pinan′aqφM Link (S2 ∩ VS1−S′1 ,Sstr.)/N. The
configuration is shown in Fig. 2. In the last line, we have
applied topological deformations UaE(e
2piin′a/N ,S2) → 1
and UaE(e
2piina/N ,S ′1) → UaE(e2piina/N ,S1). Physically,
the correlation means that we measure the difference of
the magnetic flux between the interior and exterior of S1.
Using the Schwinger-Dyson equation, one can show that
other correlation functions between symmetry generators
are trivial. We summarize the correlation functions in Ta-
ble 1.
5. 3-group structure in axion electrodynamics
By the above discussions, we here show that the symme-
try generators of the system obey a 3-group. The 3-group
is a set of three groups denoted as G, H, and L, an action
of G on the groups, and the so-called Peiffer lifting. The
mathematical definition of the 3-group is given in Ref. [63]
(See also the literature in physics [75, 76, 79, 84].)
Instead, we here give an intuitive introduction of the 3-
group in terms of the higher-form symmetries. We need
only two of the axioms of the 3-group that are sufficient
for our discussion. The other axioms are automatically
satisfied in our case, since the symmetry generators do
not have boundaries. We will argue that the following
intuitive definitions satisfy all of the axioms of the 3-group
in a forthcoming paper [72].
One of the axioms is the action of G. G can act on G,
H, and L by automorphisms, which is a generalization of
conjugation. The action of g ∈ G on the elements g′ ∈ G,
h ∈ H, and l ∈ L are denoted as g .g′, g .h, and g . l. The
action g . g′ is defined by conjugation, g . g′ := gg′g−1.
In terms of the higher-form symmetries, the groups G,
H, and L are symmetry groups of 0-, 1-, and 2-form sym-
metries. The 0-form symmetry generator can act on the
0-, 1-, and 2-form symmetry generators by enclosing them.
Another axiom is that there is a map from two ele-
ments of H to L, denoted as {h, h′} ∈ L for h, h′ ∈ H.
The curly bracket {−,−} is called the Peiffer lifting. The
Peiffer lifting should be compatible with the action of G,
g . ({h, h′}) = {g . h, g . h′}.
In the viewpoint of the higher-form symmetries, the
Peiffer lifting corresponds to the linking (braiding) of the
two 1-form symmetry generators H leading to a 2-form
symmetry generator L. The compatibility with the action
corresponds to the fact that we can freely insert a trivial
0-form symmetry generator 1 = g−1g in the linking of two
1-form symmetry generators.
Let us identify the action . and the Peiffer lifting {−,−}
in the axion-photon system. In our system, the groups
are identified as G = ZN for the 0-form symmetry, H =
ZN×U(1) for the electric and magnetic 1-form symmetries,
and L = U(1) for the 2-form symmetry.
Let us first see the action of G on G, H, and L. From
the first line in Table 1, the action on G and L is trivial:
e2piinφ/N . e2piin
′
φ/N = e2piin
′
φ/N , and e2piinφ . eiαφ = eiαφ .
On the other hand, the action on H (Fig. 3) is nontrivial:
(e2piina/N , eiαa) ∈ ZN × U(1) is defined by
e2piinφ/N . (e2piina/N , eiαa) = (e2piina/N , e−2piinanφ/Neiαa).
(21)
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Figure 3: The action of G on H. This is a figure of a time and space
slice of the objects. g and g−1 are 3-dimensional objects extended to
temporal and spatial directions, e.g., R× S2. h is an instantaneous
surface object, e.g., S2, and is put between g and g−1.
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Figure 4: Peiffer lifting: This is a figure of a time slice of the objects.
Both of h and h′ are surface objects. h is an instantaneous surface
of a torus. h′ is, e.g., a torus extended to temporal and spatial
directions, and one circle of the time slice of the torus of h′ is in the
interior of the torus of h. The other circle of the time slice of h′ is
in the exterior of h, and is omitted. {h, h′} is a line object, which is
an instantaneous circle.
Second, we identify the Peiffer lifting. The corre-
sponding correlation function is given in Eq. (19), be-
cause the correlation of the two of the 1-form symme-
try generators leads to the 2-form symmetry generator.
The group parameter of the 2-form symmetry generator
UφM (e
−2piinan′a/N ,S ′ ∩ VS) gives us the definition of the
Peiffer lifting as
{(e2piina/N , eiαa), (e2piin′a/N , eiα′a)} = e−2piinan′a/N ∈ L.
(22)
The Peiffer lifting is compatible with the action of
e2piinφ/N ∈ G, because
{e2piinφ/N . (e2piina/N , eiαa), e2piinφ/N . (e2piin′a/N , eiα′a)}
= e−2piinan
′
a/N , (23)
and e2piinφ/N . e−2piinan
′
a/N = e−2piinan
′
a/N . Therefore, the
higher-form symmetry groups of the axion-photon system
satisfy the axioms of the 3-group by the above definitions
of the action . and the Peiffer lifting {−,−}. The Peiffer
lifting can be schematically shown in Fig. 4. The linking
of two tori in Fig. 4 is called a surface link or Hopf 2-link
in the mathematical literature [87, 88].
By the above discussion, we can now understand the
Witten effect and anomalous Hall effect in the viewpoint
of symmetries. These phenomena are consequences of the
3-group structure: the former is the action of G on H, and
the latter is the Peiffer lifting.
One can discuss the spontaneous symmetry breaking
(SSB) of the 3-group. The SSB of the higher-form symme-
try can be judged by the infra-red behavior of the VEV of
the charged objects. Since the axion is massless, the non-
zero VEV of 〈eiφ(P)e−iφ(P′)〉 for |P −P ′| → ∞ means that
ZN 0-form symmetry is spontaneously broken. Similarly,
the non-zero VEVs of the Wilson loop and the ’t Hooft
loop lead to the SSB of the ZN electric and U(1) magnetic
1-form symmetries, respectively. Finally, the massless ax-
ion prevents the SSB of the U(1) 2-form symmetry, which
is a higher-form generalization of the Coleman-Mermin-
Wagner-Hohenberg theorem [37, 89–92].
6. Summary and discussion
In this paper, we have shown that the higher-form sym-
metries of an axion-photon system in (3 + 1) dimensions
have a 3-group structure. We have considered a massless
axion with a topological coupling with a photon charac-
terized by an integer N . In this system, it has been shown
that there are a ZN 0-form symmetry, ZN electric 1-form
symmetry, U(1) magnetic 1-form symmetry, and U(1) 2-
form symmetry. We have evaluated the correlation func-
tions of the symmetry generators. It has been found that
the correlation function of 0-form and electric 1-form sym-
metry generators leads to the magnetic 1-form symmetry
generator. We have understood this result as the Witten
effect for the axion. Furthermore, the correlation function
of the two electric 1-form symmetry generators leads to
the 2-form symmetry generator, which can be understood
as the anomalous Hall effect of the axionic string. By
the structure of the correlation functions, we have shown
that the higher-form symmetries have a 3-group structure.
In particular, we have argued that the Witten effect and
anomalous Hall effect are consequences of the action of a
0-form symmetry generator and the Peiffer lifting, respec-
tively.
There are several avenues for future work. One is to ex-
plore a higher-group structure of the axion-photon system
including axionic domain walls in the presence of the po-
tential of the axion. The topological nature of axionic do-
main walls can be effectively described by a 3-form gauge
theory and 3-form symmetry [93]. Therefore, there would
be a higher-group structure in the axionic domain wall.
Also, there might be a new interrelation between the
axion electrodynamics and string theory. In fact, the axion
electrodynamics has been treated as a simple model of
the string theory [34, 94]. The background gauging of
the higher-form symmetries is an important issue, since
it can clarify ’t Hooft anomalies as well as higher-group
structures [58, 71, 95]. We will address this issue in the
forthcoming paper [72].
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